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System Model

• A = {a1, . . . , aM}
• Π = {p1, . . . , pM}
• {s1(t), . . . , sM (t)}, t ∈ [0, T )
• Em is the energy of the mth signal

Consider complex-valued signals and noise

u = am → sm(t) = sR,m(t) + jsI,m(t) ∈ C is trasmitted

complex AWGN channel: w(t) = wR(t) + jwI(t) ∈ C
µwR(t) = µwI (t) = 0, PwR(f) = PwI (f) = η0/2, PwR,wI (f) = 0

The signal space has dimension N ≤M and {ψ1(t), . . . , ψN (t)}, t ∈ [0, T )
is an orthonormal set for signal representation
ψn(t) = ψR,n(t) + jψI,n(t) ∈ C
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Signal Constellation

The mth signal sm(t) is represented by

sm =

 sm,1
...

sm,N

 =

 < sm, ψ1 >
...

< sm, ψN >


where

sm,n =
∫ T

0
sm(t)ψ∗n(t)dt = sR,m,n + jsI,m,n

=
∫ T

0
(sR,m(t)ψR,n(t)− sI,m(t)ψI,n(t)) dt

+j
∫ T

0
(sR,m(t)ψI,n(t) + sI,m(t)ψR,n(t)) dt

The signal constellation is {s1, . . . , sM}
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Received Signal and Sufficient Statistic

M possible hypotheses in t ∈ [0, T )

Hm : r(t) = sm(t) + w(t) m = 1, . . . ,M
= (sR,m(t) + wR(t))︸ ︷︷ ︸

rR(t)

+j (sI,m(t) + wI(t))︸ ︷︷ ︸
rI(t)

r|Hm =

 sm,1
...

sm,N

+

 w1
...
wN

 = sm + w ∼ NC (sm, η0IN )

fr|Hm(r) =
(

1
πη0

)N
exp

(
− 1
η0

N∑
n=1

(
(rR,n − sR,m,n)2 + (rI,n − sI,m,n)2

))
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Complex-Valued On-Off (1/2)

M = 2 possible hypotheses in t ∈ [0, T ): s0(t) = 0 and s1(t) = s(t)

N = 1: ψ(t) = ψR(t) + jψI(t)

r =
∫ T

0
r(t)ψ∗n(t)dt =

∫ T

0
(rR(t) + jrI(t)) (ψR(t)− jψI(t)) dt

r|H0 =
∫ T

0
w(t)ψ∗n(t)dt ∼ NC (0, η0)

r|H1 =
∫ T

0
(s(t) + w(t))ψ∗n(t)dt ∼ NC (s, η0)

where

s =
∫ T

0
s(t)ψ∗n(t)dt = sr + jsI
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Complex-Valued On-Off (2/2)

fr|H0
(r) =

1
πη0

exp
(
−
r2
R

η0

)
exp

(
−
r2
I

η0

)
fr|H1

(r) =
1
πη0

exp
(
−(rR − sR)2

η0

)
exp

(
−(rI − sI)2

η0

)
MAP decision is

p0fr|H0
(r) >

< p1fr|H1
(r)

η0 log(p0)− r2
R − r2

I
>
< η0 log(p1)− (rR − sR)2 − (rI − sI)2

2(sRrR + sIrI) >
< η0 log

(
p0

p1

)
+ (s2

R + s2
I)

<(sr) >
<

η0

2
log
(
p0

p1

)
+
Es
2
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MAP decision for M -ary modulation

MAP decision rule is the following

û = arg max
m

{
η0 log(pm)− ‖r − sm‖2

}
= arg max

m

{
η0 log(pm)− ‖sm‖2 + 2<{sH

mr}
}

= arg max
m

{
<{sH

mr} − Em
2

+
η0

2
log(pm)

}
The components of the decision vector are

ym = <{sH
mr} − Em

2
+
η0

2
log(pm)

= <
{∫ T

0
s∗m(t)r(t)dt

}
− 1

2

∫ T

0
|sm(t)|2dt+

η0

2
log(pm)
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Noncoherent Bandpass Modulation

Local oscillators at TX and RX locations are not synchronized

The received signal is

z(t,M, ϑ) =
+∞∑

k=−∞
s(t− kT ;uk;ϑ)

where

s(t− kT ;uk;ϑ) = <
{
s̃(t− kT ;uk)ejϑej2πf0t

}

• s̃(t;u) is the baseband complex signal

• f0 is the carrier frequency

• ϑ ∼ U(0, 2π) is the phase synchronization error
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MAP decision

Assume known ϑ and denote sm(t;ϑ) = <{s̃m(t) exp(jϑ) exp(j2πf0t)},
the conditional MAP decision is based on pmΛm(θ) where

Λm(ϑ) = exp
(

2
η0

∫ T

0
r(t)sm(t;ϑ)dt− 1

η0

∫ T

0
s2
m(t;ϑ)dt

)
= exp

(
2
η0

∫ T

0
r(t)sm(t;ϑ)dt− Em

η0

)
= exp

(
2
η0

∫ T

0
r(t)<{s̃m(t) exp(jϑ) exp(j2πf0t)} dt−

Em
η0

)
= exp

(
2
η0
<
{

ejϑ
∫ T

0
r(t)s̃m(t)ej2πf0tdt

})
exp

(
−Em
η0

)
However ϑ is unknown, thus MAP decision is based on statistical averages

û = arg max
m
{pmΛm} where Λm = Eϑ{Λm(ϑ)}
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Average Likelihood (1/3)

Λm = Eϑ{Λm(ϑ)} =
∫

R
fϑ(ϑ)Λm(ϑ)dϑ =

1
2π

∫ 2π

0
Λm(ϑ)dϑ

=
exp

(
−Emη0

)
2π

∫ 2π

0
exp

(
2
η0
<
{

ejϑ
∫ T

0
r(t)s̃m(t)ej2πf0tdt

})
dϑ

=
exp

(
−Emη0

)
2π

∫ 2π

0
exp

(
2
η0
<
{

ejϑ
√
EmL∗m

})
dϑ

where we denote

Lm =
1√
Em

∫ T

0
r(t)s̃∗m(t) exp(−j2πf0t)dt
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Average Likelihood (2/3)

From baseband representation we know that

s̃m(t) = sC,m(t)− jsS,m(t)
sm(t) = sC,m(t) cos(2πf0t) + sS,m(t) sin(2πf0t)
s∠
m(t) = sS,m(t) cos(2πf0t)− sC,m(t) sin(2πf0t)

then

Lm =
1√
Em

∫ T

0
r(t)s̃∗m(t) exp(−j2πf0t)dt

=
1√
Em

∫ T

0
r(t)(sC,m(t) + jsS,m(t))(cos(2πf0t)− j sin(2πf0t))dt

=
1√
Em

∫ T

0
r(t)sm(t)dt+

j√
Em

∫ T

0
r(t)s∠

m(t)dt
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Average Likelihood (3/3)

Λm =
exp

(
−Emη0

)
2π

∫ 2π

0
exp

(
2
√
Em
η0
|Lm| cos(ϑ− arctan(Lm))

)
dϑ

=
exp

(
−Emη0

)
2π

∫ 2π

0
exp

(
2
√
Em
η0
|Lm| cos(ϑ)

)
dϑ

=
exp

(
−Emη0

)
2π

I0

(
2
√
Em
η0
|Lm|

)
where the 0-order modified Bessel function of the first kind is

I0(z) =
1

2π

∫ 2π

0
exp(±z cos(ϑ))dϑ
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MAP and ML decision

MAP decision

û = arg max
m

{
pm exp

(
−Em
η0

)
I0

(
2
√
Em
η0
|Lm|

)}
= arg max

m

{
log(pm)− Em

η0
+ log

(
I0

(
2
√
Em
η0
|Lm|

))}
ML decision

û = arg max
m

{
−Em
η0

+ log
(
I0

(
2
√
Em
η0
|Lm|

))}
ML decision with equal-energy signals

û = arg max
m

{
|Lm|2

}
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MAP Receiver Architecture (1/2)
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MAP Receiver Architecture (2/2)
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Correlator and Matched Filter Equivalence

Assume hm(t) = <{s̃∗(T − t) exp(j2πf0t)} then

ym(t) = r(t) ? h(t) =
∫ T

0
r(t− τ)hm(τ)dτ

=
∫ T

0
r(t− τ)<{s̃∗(T − τ) exp(j2πf0τ)} dτ

= <
{

exp(j2πf0T )
∫ T

0
r(t− T + τ)s̃∗(τ) exp(−j2πf0τ)dτ

}
ym(t = T ) = <

{
exp(j2πf0T )

√
EmLm

}
Using the envelope detector provides

√
Em|Lm|
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OOK (1/2)

M = 2

s0(t) = 0

s1(t) =

√
2E
T

cos(2πf0t)

s̃0(t) = 0

s̃1(t) =

√
2E
T

rect
(
t− T/2
T

)

L0 = 0 L1 =
2
T

∫ T

0
r(t) exp(−j2πf0t)dt

MAP decision is

log(p0) >
< log(p1)− E

η0
+ log

(
I0

(
2
√
E

η0
|L1|

))

|L1| >
<

η0

2
√
E
I−1

0

(
p0

p1
exp

(
E
η0

))
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OOK (2/2)

Denoting λ = η0
2 I
−1
0

(
p0
p1

exp
(
E
η0

))
, MAP decision is

E|L1|2 >
< λ2
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BER for OOK (1/2)

Statistics of decision variables are

(LR, LI)
T |H0 ∼ N

(
0,
η0

2
I
)

(LR, LI)
T |H0 ∼ N

(√
E (cos(ϑ), sin(ϑ))T ,

η0

2
I
)

Pe = p0 Pr(e|H0) + p1 Pr(e|H1)

Assume an arbitrary threshold ν2

Pr(e|H0) =
∫

R
dϑfϑ(ϑ)

∫∫
Ω1

dαRdαIfLR,LI |H0
(αR, αI)

Pr(e|H1) =
∫

R
dϑfϑ(ϑ)

∫∫
Ω0

dαRdαIfLR,LI |H1
(αR, αI)

P. Salvo Rossi (SUN.DIII) Digital Communications - Lecture 09 20 / 21



BER for OOK (2/2)

Pr(e|H0) =
∫ 2π

0
dϑ

1
2π

∫ 2π

0
dϕ

∫ ∞
ν

dρ
ρ

πη0
e−ρ

2/η0

= exp
(
−ν

2

η0

)
Pr(e|H1) =

∫ 2π

0

dϑ

2π

∫ 2π

0
dϕ

∫ ν

0

dρρ

πη0
e−

(ρ cos(ϕ)−
√
E cos(ϑ))2+(ρ sin(ϕ)−

√
E sin(ϑ))2

η0

=
∫ ν

0
dρ

2ρ
η0

exp
(
−ρ

2 + E
η0

)
I0

(
2
√
Eρ
η0

)

= 1−Q

(√
2E
η0

;

√
2ν2

η0

)
Finally

Pe = p0 exp
(
−ν2/η0

)
+ (1− p0)(1−Q

(√
2E/η0;

√
2ν2/η0

)
)
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